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From modern observations of gravitational interactions, it can be inferred that there is much
left to discover about the fundamental gravitational field. Since the advent of the General The-
ory of Relativity over a century ago, we have come to make exotic assumptions pertaining to the
inner workings of an associated field theory. One of which is an elastic nature to spacetime and
the behavior of gravity for strong and weak fields. In this work we investigate a more physical
nature, expanding upon general relativity led by observations of strong sources. We introduce a
candidate Lorentz-invariant field theory that employs an elastic and pseudoscalar nature to the
field interpretation and it’s properties. A unique generation of the Euler-Lagrange equations of mo-
tion is presented; resulting in a longitudinal wave equation for the Dilation gravitational field. This
provides a modern advancement of a relativistic gravitational field theory, supported by observation.
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I. INTRODUCTION
At the advent of the 20th century research con-
ducted on fundamental physics generated a vast
growth of the understanding of principal physical
phenomena like that of Electromagnetism, Gravita-
tion, Nuclear Physics and the genesis of Quantum
Mechanics. Today, investigations into the mecha-
nisms of the fundamental forces has taken a more ro-
bust approach contrasting older methods of research.
Physics beyond Feynman’s introduction to modern
unified field theory, in the form of QED, changed
our treatment of investigating candidate field the-
ories of fundamental forces. Historically, gravita-
tional field theory has had few fundamentally pro-
found breakthroughs when compared to the progress
of other fundamental forces (strong and weak nu-
clear, and electromagnetism). Leaving a gaping hole
in our understanding of the force in regards to a dy-
namic or time-dependant nature; and subsequently
a quantum description of the gravitational field. Fol-
lowing with the communications of Einstein, Rosen
and Infeld [1] from 1936-1938, Einstein himself was
adamant that gravitational waves were not physi-
cally manifest and were a mathematical artifact of
the linearized field equations per his publications in
1916-1918[2, 3]. In which [he], Infeld and Hoffman
arrived at the post-Newtonian approximation to the
weak field equations [1] generating a perturbed lin-
ear set of plane wave equations in cylindrical coor-
dinates; but not without apparent coordinate singu-
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larities propagated by these cylindrical plane waves.
For many years the theoretical development of gravi-
tational waves has eluded many scientists. Progress-
ing from the beginning conversations exchanged be-
tween Einstein, Rosen and Infeld debating the math-
ematical artifacts arising from the implementation of
a perturbation method[1], to the eventual discovery
made by the LIGO/LSC community of scientists[4].
Experimental and observational studies have only
tested for and observed gravitational waves to prop-
agate transversely through space. These spatially
transverse waves constitute the formal oscillations
allowed by the well-known transverse-traceless gauge
conditions[5]. Within these gauge conditions and
under a linearization method, the reconstruction of
the Riemann curvature and subsequently the Ricci
curvature fails under this regime.
The current relativistic theory of gravitation, The
General Theory of Relativity (GR), was not con-
structed to admit sufficient time-dependent solu-
tions for the temporal variation of the gravitational
field. Nor does it admit a substantial theory of
gravitational field oscillations emanating as radia-
tion in regards to localizing the energy-momentum
carried. For gravitation proposed as a fundamen-
tal spin-2 self-interacting field, an appropriate non-
linear representation of the field equations must be
established. In order to recover the necessary cur-
vature on a curved background, one must associate
a source term in the field equations with gravita-
tional mass-energy. Direct and indirect observations
of strong sources (Black Holes, Neutron Stars, Bi-
nary Mergers, etc.) and Dark Matter-Energy elude
to us that there is a missing facet to gravity not seen
or theorized using GR under the standard model. A
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wide variety of solutions, in GR and its extensions,
have been constructed to account for such dynam-
ics introducing more complexities than simplifica-
tions. Looking at the detailed detections of LIGO
and similar gravitational wave observatories, it is in-
tuitive to infer that there is a fundamental “elastic”
nature to spacetime and the interactions involving
gravity. With this being said, in this paper we build
upon the foundation of an elastic interpretation of
spacetime laid out in the previous work [6] and [7].
We look into a formal description of volume defor-
mations of mass-energy distributions with respect
to the scalar-tensor gravitational strain field (Dila-
tion, Dαβ). When considering volume deformations
of sourced mass distributions, this field (termed Di-
lation) constitutes deformations of spacetime geome-
try when considering the principle directions or local
volumes within a local spacetime.
Formulated from the observation of the afore-
mentioned strong field sources, this proposed
pseudoscalar-like gravitational field extends the idea
of static curvature to a dynamic field that is scaled
by the invariant curvature ΛαβRαβ = R of the lo-
cal space. Where, Λαβ is the strong-form metric
of the local spacetime[7]. Mass densities and scalar
curvatures are considered the sources of this field.
Under static conditions across n = 4 spacetime di-
mensions this field is defined by a finite volumetric
gravitational strain tensor, εσγ(ηµ, τ), for a constant
local mass distribution. An expression for the dila-
tion tensor is given in terms of the finite volumetric
strain and the trace of the Ricci curvature tensor.
Dµν(ηµ, τ) = βRvac
2mvac
Λµν (Λσγε
σγ(ηµ, τ)) (1)
In this expression the scalar curvature is provided by
the Einstein field equations of the strong-form back-
ground, in which the scalar holds values for the back-
ground vacuum (Λµν) and the source distribution.
Considering the +Λ-vacuum as a zero state configu-
ration, the scalar curvature is always nonzero with
a value of Rvac ≡ Rzero, when Rzero = ΛασRασ ≡
4(+Λ) for dimension (n = 4). For nonzero source
distribution, Rvac = Rzero + Rsource where Rsource
can take on values from any solution of the trace
einstein field equations for nonzero mass. This ex-
pression for the dilation field represents a way of
dynamically describing the gravitational strain gen-
erated by a nonzero mass-energy distribution using
the trace Einstein field equations; as first described
in [7].
With this definition of the Dilation field, the de-
velopment of a formal Lagrangian density is given
in section II in which terms of O(D2) and higher
are deemed valuable to the theory. This lagrangian
density is thus a representation of the gravitational
energy density involved in an isotropic compression
and expansion of the local spacetime. In section III,
an action is then uniquely varied with respect to the
field, Dµν , and then the background metric, Λµν .
Resulting in the recovery of the tensorial einstein
field equations and the corresponding field equation
for dilation. Lastly generating a nonlinear longi-
tudinal gravitational wave equation, describing the
propagation of this proposed massive pseudoscalar
field. In the succeeding sections, the curvature of
the spacetime background are incorporated into the
dilation field equations producing solutions depen-
dent on the Einstein Field Equations when the cur-
vature is not negligible; for the regime ηµν → Λµν
incorporating strong gravitational fields.
II. LAGRANGIAN DENSITY OF THE
DILATION FIELD
A. The Massive Phonon Basis
Looking into a fundamental basis of which we
can formulate gravitational strain field equations
from, we arrive at the generalized form of the Klein-
Gordon equation representing massive free-scalar
fields. Where the classical Klein-Gordon equation
can be expressed in terms a massive field, φ(xµ, τ),
as (
+m2
)
φ(xµ, τ) = 0 (2)
Traditionally, the linear Klein-Gordon equation is
utilized as a template relativistic wave equation. In
which it is commonly used for the introduction of
novel techniques and/or concepts pertaining to mas-
sive scalar or pseudoscalar free-fields. Here we ex-
plore the implications of beginning with a classi-
cally non-interacting massive scalar field. The de-
scription of this test field is similar to that of a
phonon with nonzero mass. We are thus directed
to begin our efforts with a generalized form of a la-
grangian density describing the massive phonon field
(our test field), φ(xµ, τ). The Lagrangian density in
a lattice space, (Lphonon), provides us with a state-
ment of the associated energy density: Lphonon =∑n
k=1
m
2 (∂τφ)
2 − ks2 (φk+1 − φk) 2
Lphonon =
n∑
k=1
m
2
(∂τφ)
2 − ks
2
(φk+1 − φk) 2 (3)
Here k is an index associated with the number of
neighboring parcels of spacetime, in which the field
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at that point has mass m. Under this discrete ap-
proximation we make the assumption that the field
is partitioned with respect to an inter-parcel spac-
ing A. Indicating that there is a spatial discrete-
ness about the test field at the kth point, φk(x),
and its nearest neighbor (φk+1(x) − φk(x)). This
makes for a valid approximation for a “spacetime
phonon” in a discrete limit; behaving very much
like the classical treatment of traditional phonons
in a 1-dimensional crystal lattice. Continuing this
analogy, in the continuum limit, where the sum is
replaced by an integral over space
∑n
k=1→ 1A
∫
dx
and using a Taylor expansion on the field variable
(φ), φk →
√
Aφ (xi) |x=k∗A and (φk+1 − φk) →√
A3∇iφ (xi) |x=k∗A; the corresponding lagrangian
in this limit is
L (φ, ∂iφ) = m
2
(∂tφ)
2 − ks
2
A2 (∇iφ) 2 (4)
as A → 0. We can see that the new behavior of
this test field, again, resembles that of a “sapcetime
phonon” in a continuum limit. Conceptualizing a vi-
bratory nature to spacetime parcels. In comparison
this gives a continuous description of neighboring
spacetime parcels as opposed to a discrete method
pertaining to discrete infinitesimal sectors of space-
time. The linear behavior of this test field is analo-
gous to that of the non-interacting longitudinal grav-
itational strain field (Dilation). The full interacting
field description is explained in further detail follow-
ing this section.
Fundamentally, a linear longitudinal oscillation is
comprised of displacements (∆Sµ) parallel to the
direction of propagation resulting in the relaxation
(expansion) and rarefaction (compression) of a lo-
cal volume. Notably, one might be inclined to sug-
gest from this analogy that the Klein-Gordon equa-
tion alone provides a simple expression that may be
used in the development of a resulting field equation.
Suggesting that modifications could be made to the
equation to condition or fashion it for use within
the framework of general relativity directly. Unfor-
tunately, the Klein-Gordon equation alone does not
hold the necessary structure to cater to a scalar-
tensor gravitational field. Lacking the necessary
nonlinearity predicted by a generalization of inter-
acting scalar-tensor fields. Thus, describing the ten-
sor field of interest as a free-scalar is insufficient for
the description of time-dependent variations in vol-
ume deformations of mass-energy distributions. We
must move to consider an interacting field theory
that includes nonlinear terms involving the field vari-
able Dµν . With that being said, the Klein-Gordon
equation provides us with a valid linear approxima-
tion from which we can begin the formulation of the
formal Dilation, Gravitational Strain field equations.
B. Lagrangian Density of the Dilation Field
Let the tensor field Dµν be the object of interest.
This tensor is expressed in terms of the components
of the volumetric gravitational strain tensor εµν in
a 4-dimensional spacetime. Corresponding to the
principle directions of strain, this presents the Dila-
tion as a simple tensor with no off-diagonal elements.
The trace ΛµνDµν ≡ 4 |D(Λ)| provides us with a de-
scription of volume deformations of mass-energy dis-
tributions (ρ0) in a local spacetime. Looking back
at equation 1, this massive field effectively provides
a means of transporting the scalar curvature asso-
ciated with a local spacetime, scaled by the “resis-
tance” or effective mass, mvac =
Λc2
8piG
∫
v
√−|Λ|dµxµ,
of the background vacuum. In regards to a field
equation further explained in the succeeding sec-
tion, we consider the interaction of this field with
the background of nonzero effective mass. This gen-
erates the sought after nonlinearities incorporating
the Klein-Gordon form from the phonon propagation
in resistive media analogy in the preceding section.
A massive longitudinal wave equation can then be
written from the nonlinear theory that would give
the parallel displacements of constituent finite space-
time parcels with zero spacing between them. Anal-
ogous to the model of a lattice phonon as the vibra-
tory motion of a particle continuum, the Dilation
field can be described very much like the phononic
model with appropriate modifications for a classi-
cal field[8, 9]. With this, spacetime fluidity can be
described by a collection of local unit volumes with
mass mvac.
In terms of the product of local 1-forms (dxn)
and
√|Λ|, a local volume form (ω∗) of the pseudo-
Riemannian manifold is[10, 11]:
ω∗
(
x1, x2, ...xn
)
=
√
−|Λ|dx1 ∧ dx2 ∧ ... ∧ dxn (5)
The effective mass of the local volume can be calcu-
lated as, mvac ≡ Λc28piGVn. Because we can assume ho-
mogeneity of the background energy density charac-
terized by the cosmological constant (+Λ) this value
of the effective mass holds for any number of contin-
uum parcels (k) with volumes equal to that of the
n-ball (Vn) for isotropic spaces. Moreover, for this
discussion of the dilation field we limit ourselves to
consider hyperbolic spaces of dimension n = 4, to
restrict the complexity of cosmological implications
on the field description. Now that an expression
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for the amount of mass per unit parcel is given, we
continue our description of the dilation field as anal-
ogous to that of a traveling phonon in 4-dimensional
hyperbolic spaces. Consider an initial position at
{x0, xi}, a 4-displacement Sα can be introduced re-
sulting in a dilated configuration of the continuum
with a change in volume for ∆V = V ∗. The displace-
ment can be described as a continuous function of
parameter (η) for Sα(η), requiring that small gra-
dients of S (strain) follow the linearized theory of
elasticity conveyed in Hooke’s law. While large de-
formations follow the nonlinear theory of continuum
deformations. Sustaining the generality of the elas-
tic theory, we state that gradients of the displace-
ment are expressed in terms of the aforementioned
spacetime strain tensor εµν as a function of the pa-
rameter (η, τ)[7]. Similarly, from equation 1, the
field can be written as a smooth function of (η, τ),
Dµν(η, τ) = βRvac
2mvac
Λµν [Λσγ (E
σγ(η, τ)− Λσγ)]
=
βRvac
2mvac
Λµν [Λσγε
σγ(η, τ)] (6)
where Dµν = Dµν = 0 for {µ 6= ν} and the constant
Rvac is the intrinsic scalar curvature of the back-
ground spacetime−Λµν . The Lagrangian density, L,
of the dilation field with a background spacetime
can be expressed as a combination of the energy as-
sociated with the scalar curvature generated by the
dilation field LR, the kinetic energy density of the
field LD, and the mass of the field Lm :
L(Λ,D(η, τ),∇D(η, τ), ...) = LR − LD − Lm (7)
Where the respective terms are,
LR = c
4
16piG
ΛµνR˜µν (8a)
LD =1
2
Λαβ∇αDµν∇βDµν (8b)
Lm =1
2
mvac
2 (Dµν) 2. (8c)
Here, c is the proposed speed of propagation for the
gravitational field, with R˜µν and R˜ as the resul-
tant Ricci curvature tensor and scalar, respectively,
produced by the field. Before combining terms a
parametrization of the covariant derivative in terms
of (η) and proper time (τ) is needed to extract the
dynamics produced by a sought after field equation.
This parametrization essentially makes the covari-
ant derivative a differential operator in terms of the
coordinate-free parameter, proper time, giving us
the following langrangian,
L(Λ,D(η, τ),∇D(η, τ)) = c
4
16piG
ΛµνR˜µν − 1
2
Λαβ∇αDµν∇βDµν − 1
2
mvac
2 (Dµν) 2 (9)
≡ c
4
16piG
ΛµνR˜µν − 1
2
[(
D(τ)Dµν
)
2 +
(
D(η)Dµν
)
2
]− 1
2
mvac
2 (Dµν) 2
where the operators D(τ) = T
α∇α, with timelike
tangent vector Tα = ∂η
α
∂τ and D(η) = S
α∇α, with
spacelike tangent vector Sα = ∂∂ηα . This separation
of timelike and spacelike differential operators is key
to producing evolutions of the tensor field and ulti-
mately generating a parametrized wave operator[6].
This tensor field is also predicted to interact with
the massive background spacetime and itself, thus
we include nonlinear interaction terms in Lm up
to order-σ and coupled by a constant (gσ) that ac-
counts for the strength of the field-field and field-
background coupling.[9, 12, 13]
Lm → Lm = 1
2
mvac
2 (Dµν) 2 +
∑
σ
1
σ!
gσ (Dµν) σ
(10)
The addition of this σ−interaction gives a formal
Lagrangian density as:
L(Λµν ,Dµν ,∇Dµν) = c
4
16piG
ΛµνR˜µν (11)
− 1
2
[
(D(τ)Dµν) 2 + (D(η)Dµν) 2]
− 1
2
mvac
2 (Dµν) 2
+
∑
σ
1
σ!
g (Dµν) σ
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III. THE DILATION FIELD EQUATION
From the lagrangian density outlined in the pre-
vious section we can continue further to find appro-
priate field equations for the field in question. We
can proceed to write down a functional of the back-
ground metric and the field variable for some bound-
ary Σ.
A[D,Λ] =
∫
Σ
[LR − LD − Lm ]
√−Λdµη (12)
The extremization of the action (A) is taken with
respect to the field variable (D) and also the back-
ground metric Λ. This allows a unique variation
of the action, giving a new interdependency of the
lagrangian density on two variables describing the
nature of multiple species of the same gravitational
field. Executing this variation, A[D + δD] is
A[D + δD] ≡ A[D] + δA[δD] (13)
=
∫
Σ
[LD + Lm ] dµη
+
∫
Σ
[
∂ (LD + Lm)
∂Dµν δDµν
+
∂ (LD + Lm)
∂ (∂αDµν) δ (∂αDµν)
]√−Λdµη
The last term in the above equation is the variation
of the action with respect to the field denoted by
δA[δD] and can be expanded as
δA[δD] =
∫
Σ
[
∂ (LD + Lm)
∂Dµν δDµν +
∂ (LD + Lm)
∂ (∂αDµν) δ (∂αDµν)
]√−Λ + dµη (14)
=
∫
Σ
[
∂ (LD + Lm)
∂Dµν − ∂α
∂ (LD + Lm)
∂ (∂αDµν)
]
δDµν
√−Λdµη + δDµν ∂ (LD + Lm)
∂ (∂αDµν)
∣∣∣∣
∂Σ
which includes a boundary term at the surface
boundary ∂Σ, provided that the variation at the
fixed boundary yields the following subset for LD
and Lm of the Euler-Lagrange equations of motion
0 =
∫
Σ
[
∂ (LD + Lm)
∂Dµν (15)
− ∂α
(
∂ (LD + Lm)
∂ (∂αDµν)
)]
δDµν
√−Λdµη
Because the Lagrangian density is also dependent on
the background metric Λµν through the interaction
of the background, we vary the action once again but
with respect to the inverse metric Λµν . This varia-
tion will give us the appropriate equation describing
the curvature of space from the interaction with the
dilation field. The variation in the action is now ex-
pressed as δA[δD, δΛ], where δA[δΛ] is the variation
of the action with respect to the inverse metric:
δA[δΛ] =
∫
Σ
δLtotal
√−Λ
δΛµν
dµη (16)
=
∫
Σ
[
δ (LR + LD + Lm)
δΛµν
·
(
δ
√−Λ
δΛµν
)]
dµη
where the variation in δΛµνR˜µν can be expanded in
terms of δR˜δΛµν and
δ
√−Λ
δΛµν , such that
δ
(
ΛµνR˜µν
)
δΛµν
=
δ
δΛµν
[
(δΛµν) R˜µν + Λ
µν
(
δR˜µν
)]
(17)
From the cancellation of δΛµν/δΛµν = 1, this sim-
plifies to just the trace of the variation of the Ricci
tensor with respect to the metric,
Λµνδ(R˜µν)
δΛµν ≡ δR˜δΛµν .
In order to evaluate δR˜, we first evaluate δR˜µν as a
contraction of the first and second indeces in the re-
spective Riemann curvature tensor;
δR˜µν = δR˜
ρ
µρν = ∇ρ (δΓρνµ)−∇ν (δΓρρµ) . (18)
Thus, taking the trace results in obtaining the vari-
ation of the scalar curvature δR˜
ΛµνδR˜µν = δR˜ (19)
= R˜µνδΛ
µν +∇γ (ΛµνδΓγνµ − ΛµγδΓρρµ)
The last term in the above equation becomes a to-
tal derivative with respect to the metric and does
not contribute to the variation of the action at the
boundary ∂Σ. Emulating the expected Einstein field
equations, the resulting variation with respect to the
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background metric becomes
c4
16piG
(
R˜µν − 1
2
ΛµνR˜
)
=
c4
16piG
G˜µν (20)
The result of this elegant variation is what we expect
when considering the initial dilation field scalar cur-
vature, R˜, in the total Lagrangian density for the
field and it’s interaction. This subset of the full
equations of motion represents the curvature asso-
ciated with the massive dilation field. Accounting
for a second source of curvature separate from the
original background measure.
Adding this back into the total Lagrangian density
for the dilation field we have,
δA[δDµν , δΛµν ] =
∫
Σ
[[
c4
16piG
(
R˜µν − 1
2
ΛµνR˜
)
+
1
2
Λµν (LD + Lm) + δ (LD + Lm)
δΛµν
]
δΛµν (21)
+
[(
∂ (LD + Lm)
∂Dµν − ∂α
(
∂ (LD + Lm)
∂ (∂αDµν)
))
δDµν
]]√−Λdµη
= 0
This statement holds true from the variational prin-
ciple for stationary actions, stating that δA = 0.
Since the variations in δDµν and δΛµν are arbitrary,
the interior terms for the varied action must van-
ish appropriately such that the full Euler-Lagrange
equations of motion can be written as:
[
c4
16piG
(R˜µν − 1
2
ΛµνR˜) +
1
2
Λµν (LD + Lm) + δ (LD + Lm)
δΛµν
]
+
[
∂ (LD + Lm)
∂Dµν − ∂α
(
∂ (LD + Lm)
∂ (∂αDµν)
)]
= 0
(22)
Terms in this equation of motion can be compacted
by replacing the differential terms of the Lagrangian
density for their respective counterparts in terms of
the field variable. In doing so, this allows us to re-
state this equation of motion in a form that is ap-
propriate for a nonlinear wave equation. Identifying
the terms as:
∂ (LD + Lm)
∂Dµν − ∂α
(
∂ (LD + Lm)
∂ (∂αDµν)
)
(23)
=
(
Λαβ∇α∇β + mvac2
)Dµν +∑ (σ)
σ!
g (Dµν) (σ−1)
and
c4
16piG
R˜µν =− 1
2
Λµν
(
R˜+ LD + Lm
)
(24)
+
δ (LD + Lm)
δΛµν
Substituting in for the above terms gives a simplified
equation of motion for the dilation field (Dµν) ,
0 =
(
Λαβ∇α∇β + mvac2
)Dµν (25)
+
∑ (σ)
σ!
g (Dµν) (σ−1) + c
4
16piG
R˜µν
The above equation of motion is very much close to
the phononic approximation for a massive longitudi-
nal wave. Replacing the second covariant derivatives
with a modified wave operator ˜ reminiscent of a
gauge derivative, we arrive at the final form of the
Longitudinal Wave equation for volume deformed
spacetimes (where again, Rβν is the Ricci curva-
ture tensor associated with the sourced background
spacetime, and R˜µν associated with the wave):
Λαβ∇α∇β → ˜ = ˆ−Rβν (26)
Thus we have,
0 =
(
ˆ+ mvac2
)
Dµν −RβνDµβ (27)
+
∑ (σ)
σ!
g (Dµν) (σ−1) + c
4
16piG
R˜µν
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IV. DISCUSSION
A. Interpretation of the Dilation Field
Equations
This massive tensor field effectively generates a
classical self-interaction that interacts with the back-
ground spacetime, as can be seen by the produc-
tion of a second species of scalar curvature along
with the quadratic and higher-order terms in the
expanded potential. These accompanying dynamics
provides a means of transporting the information on
the scalar curvature associated with the source dis-
tribution of mass-energy. Here a “self-interaction” is
defined as the coupling of the field with itself, gen-
erating a classical analog of the quantum field the-
oretic self-energy [8, 14–17]. A resistive factor, re-
spective of the kinematic properties during propaga-
tion, included in this derivation of the dilation field is
given by the effective mass mvac =
Λc2
8piG
∫
v
√−Λdµxµ
of the Λ-vacuum background. In regards to the wave
equation introduced from the dilation field equa-
tions, this generates the sought after Klein-Gordon
like form for the massive longitudinal wave equa-
tion. Taking a closer look at the Lagrangian den-
sity of this field reveals that it admits a behav-
ior similar to what is expected of a massive scalar
field. The nonlinearity, and subsequently the self-
interaction, of the field is evident in the terms that
couple the field with itself (field-field interactions)
and couplings with the background Λµν spacetime
(field-vacuum interactions), represented as:
Ω (Dµν) = c
4
16piG
R˜µν +
n∑
σ
(σ)
σ!
gσ (Dµν) (σ−1) (28)
involving a coupling index (σ) and strength con-
stant in (g). Expanding this polynomial for n = 4
gives an expression for the coupling strength of the
scalar-tensor gravitational field, with (gσ) the cou-
pling constants. Further constraints on the coupling
constants will not be explored in this text, such that
we limit ourselves to just approximating the form of
the interaction polynomial.
n=4∑
σ
(σ)
σ!
gσ (Dµν) (σ−1) = g1 + g2 (Dµν) 1 (29)
+
1
2
g3 (Dµν) 2 + 1
8
g4 (Dµν) 3
For an n=4 coupling we can see that only the third
and fourth terms contribute to meaningful couplings
of the field for which the proposed self-interactions
are prominent. For the lagrangian density of the
field, restated here for convenience,
L(Λµν ,Dµν ,∇Dµν) = 1
2
[
(D(τDµν) 2 − (D(η)Dµν) 2]
− 1
2
m2Dµν + Ω (Dµν) (30)
the following properties can be stated. The la-
grangian is real if, m2,Dµν , gσ ∈ R; giving a stable
field theory. The first two terms are quadratic in
Dµν , stating that if R˜, and gσ are zero we have a
free-field lagrangian density (L0) described by the
Klein-Gordon equation of motion. Representing a
free tensor field theory. This term represents the
free-kinetic component of the lagrangian. Here m
is the classical mass of the field. Foreshadowing
a quantization of this lagrangian, gσ is a coupling
constant that is a measure of interaction strength
with cross-section proportional to g2. Renormaliz-
ability can remove all the infinities of the resulting
quantum field theory, provided all coefficients have
units of [M ]n, n ≥ 0. This implies that there are
no 16!g6(Dµν)6 terms appearing in the polynomial
Ω(Dµν). A cubic term, 13!g3(Dµν)3, is allowed if
and only if the lagrangian is a Lorentz scalar and
m is interpreted as mass. This requires that there
be no linear terms of the field variable like that of
µˆ(m)Dµν . We extend these properties to the ki-
netic term,− 12
(
∇ˆαDµν∇ˆαDµν
)
, for the propagation
of the energy-momentum contained in the field. Re-
quiring that this term is quadratic in the field vari-
able. Under the variation of the action, as seen in the
previous section, this results in the generation of the
wave operator of curved spacetimes, ˆ−Rβν = {˜}βν .
In the field expression, the Ricci curvature again
provides the Einstein field equations governing the
local curvature of spacetime, in which the curva-
ture scalar holds values for the background vacuum
and the source distribution. When considering the
Λ-vacuum as a zero state configuration, the scalar
curvature takes on a unique role for this field. We
consider the following relationships for all species of
scalar curvatures
Rvac[Λ
ασ] = ΛασRασ ∝ 4Λ +Rsource (31a)
R˜[εασ] = ΛασR˜ασ ∝ Γ(ε) (31b)
We can see that once the field equations are con-
structed, there exists two distinctly separate scalar
curvatures that are unique to the background space-
time (Rvac[Λ
ασ]) and the dilation field (R˜[εασ]), re-
spectively. With the explanation of a unique varia-
tion of the action given in the previous section, one
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can use this explicit determination of scalar curva-
ture species to make a statement on a proposed grav-
itational charge. One can see that in the expression
for explicitly defining the field variable, Dµν , the
scalar curvature behaves like that of the “charge” of
the field. With this, one can make a substantial com-
parison to the behavior of a source charge generating
a field. Considering the scalar curvature generated
as a source term for the field we can state a massive
longitudinal wave equation that gives variations in
the volumes of constituent finite spacetime parcels
with zero spacing between them. Analogous to the
model of a lattice phonon as the vibratory motion of
a particle continuum, the dilation field has been de-
rived much like the phononic model with appropriate
modifications for a relativistic classical field in four
spacetime dimensions. With this, spacetime fluidity
is approximated by a collection of local unit volumes
with mass (mvac) and measure of persistence (β),
as previously stated. This foundation provides the
massive longitudinal wave equation in terms of the
field tensor giving the configuration at unit time:
0 =
(
ˆ+ mvac2
)
Dµν −RβνDµβ (32)
+
∑ (σ)
σ!
g (Dµν) (σ−1) + c
4
16piG
R˜µν
B. Dispersion Relation Approximation and
Effective Vacuum Mass
With a formal expression of the complete wave
equations we are now able to discuss a dispersion re-
lation for the propagating longitudinal wave. Again,
in comparison to that of the electromagnetic field
radiation, the EM dispersion relation states that
the inner product of the 4-wave vector (KµK
µ =
0) returns a null value. Resulting in the confir-
mation that electromagnetic waves, as transverse
waves, propagate at the speed of light in vacuum[18].
This statement can be generally applied to all mass-
less transverse waves in vacuum giving this light-
like dispersion. In contrast to this, longitudinal
waves, requiring they have some representation of
a “medium” to propagate through, have a different
dispersion relation. Under the analogy to seismic
pressure waves, due to the density of the medium
in which p-waves propagate through, these longi-
tudinal waves travel at speeds greater than their
transverse counterparts (shear-waves)[19]. With this
dissimilarity in mind, it has now been confirmed
through observation that transverse gravitational
waves propagate at the speed of light giving them
a null dispersion relation. As for longitudinal grav-
itational waves propagating through the “medium”
that is the massive isotropic vacuum, their disper-
sion relation should reveal that these waves propa-
gate at superluminal speeds. Generating a contrast-
ing result for their dispersion relation in comparison
to their transverse counterparts. For the 4-wave vec-
tor having a spacetime signature (+,-,-,-), it can be
defined as
Kµ =
(
ω
cg
,−Ki
)
(33)
where (cg) is the group velocity of the longitudinal
wave. We can make a substitution for the group ve-
locity and restate the 4-wave vector for longitudinal
waves as
Kµ =
(√
ρvac
β
ω,−Ki
)
(34)
Taking the inner product of the wave vector gives
KµK
µ =
(√
ρvac
β
ω
)2
−KiKi (35)
=
ρvac
β
ω2 −KiKi
=
ρvac
β
ω2 −
(
ω
vp
)2
nˆinˆ
i
The inner product of the spatial components are rep-
resented as the inner product of the spatial unit vec-
tor (nˆi) multiplied by the square of the angular fre-
quency over the phase velocity. In the massive vac-
uum the assumption that the phase velocity equal
in magnitude the group velocity cannot be stated in
this case for longitudinal gravitational waves. We
can employ the dispersion relation for the longitu-
dinal wave coming from a rotating compact dense
object with the magnitude of the angular velocity
equating to the angular frequency of the radiated
wave. With this, the modulus for bulk gravity is
given by the aforementioned derivation using the
Friedmann equations[20], where (β) is:
β = −
√−det[Λµν ]
α38piG
(
3H2c2 − Λc4) (36)
This equation for the dilation field represents a way
of dynamically describing the gravitational strain
field generated by a nonzero mass-energy distribu-
tion using the trace Einstein field equations. Rela-
tivistically, a linear longitudinal wave is comprised
of oscillations parallel to the direction of propaga-
tion resulting in the relaxation (expansion) and rar-
efaction (compression) of a local volume. For an
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N-dimensional spacetime manifold, the dilation field
tensor, Dµν . While the bulk modulus is character-
ized by a description of the deformed volume[7].
The effective mass of the local volume can be cal-
culated as, mvac ≡ Λc28piGVn|n=4. Because we can as-
sume homogeneity of the background energy den-
sity characterized by the cosmological constant (+Λ)
this value of the effective mass holds for any num-
ber of continuum parcels (k) with volumes equal to
that of the unit n-ball, (Vn), for isotropic spaces.
Furthermore, for this discussion of the dilation field
we limit ourselves to isotropic spaces of dimension
n = 4, to restrict the complexity of the field de-
scription. Now that an expression for the amount of
mass per unit parcel is given, we continue our de-
scription of the dilation field as analogous to that
of a traveling phonon. For an initial position (Xα)
with coordinates
{
x0, xi
}
, a displacement (Sα) can
be applied resulting in a dilated configuration of the
continuum with a change in volume for (∆V = V ∗).
An estimation of the classical value of the effective
mass of the gravitational vacuum. Where (G =
6.67408×10−11N ·kg2/m2) is the Newtonian gravita-
tional constant, (c = 299, 792, 458 m/s2) the speed
of light in vacuum, (Λ = 2.036 × 10−52 m−2) the
cosmological constant (not to be confused with the
strong-form background metric tensor, Λµν), and
the critical density of the universe (ρcrit = 9.3 ×
10−27 kg/m3). The density of the vacuum can be
approximated by using the percentage of the criti-
cal density that is attributed to the Λ-CDM vacuum
density (ρvac); ρvac = 0.728×ρcrit = 6.7704× 10−27.
We can convert this energy density to an effective
mass density with a proper handling of the speed of
light (c) by way of the equivalence principle. Giving
an approximate effective mass density of the vac-
uum to be: ρm−vac = 6.0849 × 10−10. Numerically
integrating this expression bounded by the unit vol-
ume for a cartesian coordinate system gives an ef-
fective amount of mass contained in a unit cube in
three spatial dimensions mvac = 6.0849 × 10−10kg.
A quick approximation shows that given the inner
product above the dispersion relation for the longi-
tudinal wave gives a non-trivial result. This tells
us just a small sample of the full derived dispersion
relation for the massive vacuum. Due to the nonlin-
earity of the longitudinal gravitational wave, after
further investigation, we can expect a dispersion re-
lation that would compliment this nonlinearity. Fur-
ther discussion of this relationship will be given in
subsequent work that further investigates this con-
nection to the vacuum density.
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